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Example: uranium atom

Consider the 64e small core pseudopotential for the U atom:

» outercore shells: 6sp, 5spd, 4spdf

» valence shells: 7sp, 6d, 5f

Transition energies, cm™
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Implementations

scalar  spin-orbit outercore open source written in

ARGOS 1981 + + - + Fortran
MOLGEP 1991 + + + - Fortran
Turbomole 2005 + + - - Fortran
libECP 2015 + - - + C
libecpint 2021 + - - + C++
libgrecp 2021 + + + + C

> libgrecp is written in C99 from scratch

» testing: DIRAC, MOLGEP

» oriented at relativistic coupled cluster calculations
>

no restrictions on max angular momentum of ECP and basis functions



Generalized relativistic effective core potential (GRECP)
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Generalized relativistic effective core potential (GRECP)
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Generalized relativistic effective core potential (GRECP)




Semilocal part. Formulation of the problem

0= 0()+ Y2 [0 — U] Pty

Matrix elements of three types are required:
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The McMurchie-Davidson algorithm

Type 1 integrals: (xa|U(r)|xa)

’ 2
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Basic idea: we reexpand functions x4 and g at the C point:
ra=rc+ CA
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(the same for x5). We substitute into the integral:
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The McMurchie-Davidson algorithm

Type 1 integrals: (xa|U(r)|xa)
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The McMurchie-Davidson algorithm

Type 1 integrals: (xa|U(r)|xa)
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The plane-wave expansion in real spherical harmonics:
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We use xc = rcXc (+ the same for other projections):
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:QN — radial integral
A :Q‘;\+d’b75’c+f — angular integral



The McMurchie-Davidson algorithm

Type 1 integrals: (xa|U(r)|x&)
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The McMurchie-Davidson algorithm
Type 2 integrals: (xa|U(r)Pi|xs)
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The McMurchie-Davidson algorithm
Type 3 integrals (spin-orbit): {(xa|U(r)P/€P|x5)

SOus = ifl/XA(f) re 2ot (Z | Sim) (5/m|> ¢ (Z | Sim) <5/m|> xs(r) drc =

m m

~ron B EEEEE () ()(2)()()(7)-

X CAA ™2 CAP P CATA—“CBe 9 CBF°CB™ ' x

o0 oo +/ +/
XZ_Z a+b+c+d+e+f+n (ka, ks, @) Z Z Q3 (k) Qie/',r(n( ) (Sl | S

A=0 \=0 m=—Im'=—|

» type 2 radial integrals
» type 2 angular integrals

» matrix of the orbital angular momentum operator # in the S, basis



Angular integrals

Type 1 integrals:
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Angular integrals

The y/™ coefficients are calculated using the formula:
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Radial integrals

Type 1 radial integrals:
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Radial integrals

modified spherical Bessel function modified spherical scaled Bessel function
Mp(x) =V 1/(2X) In412(X) Kn(x) =™ Mp(x)
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Radial integrals

modified spherical Bessel function modified spherical scaled Bessel function
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Similarly for the type 2 radial integrals:
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The Log3 quadrature

The integral to be calculated:
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The integration grid consists of n, points:
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When expanding the grid to ' =n 41 points only the weights and (r)
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Integral can be calculated with any pre-defined precision!



Contracted ECPs and basis functions

Gaussian expansions are used for U(r) in real calculations:
o g2
u(r) = E d; riT2 eTEr

i
Contracted Gaussian basis functions:
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Radial integrals for contracted U(r) and xa(r):
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» angular integrals do not depend on contractions!

» no advantages for the type 1 integrals Q¥



Contracted ECPs and basis functions
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Integrals with projectors onto outercore shells (GRECP)

Target integrals:

(xal O Py |xs) (xal Uz P Pi|xs)

We substitute the following expressions:
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the problem is reduced to the integrals
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Integrals with projectors onto outercore shells (GRECP)

Scalar-relativistic part (xa|Vn.;Pilx8)
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Integrals with projectors onto outercore shells (GRECP)
Effective spin-orbit interaction (xa|Vi.;PiZPi|xs)
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The libgrecp library

Structure of the library

C interface

Fortran interface

J |

example
programs

implementation

tests

|

GNU Scientific Library




The libgrecp library

Data structures. Pseudopotential

Uj(r) = Z d; r? ei‘g"r2

typedef struct {
int L;
int J;
int num_primitives;
int *powers;
double *coeffs;
double *alpha;

} libgrecp_ecp_t;

O~NOUTAWNE

libgrecp_ecp_t *libgrecp_new_ecp (
int L, int J, int num_primitives,
int #*powers, double *coeffs, double *alpha

)5

WONOUTA WNH

void libgrecp_delete_ecp(libgrecp_ecp_t *ecp);



The libgrecp library

Data structures. Gaussian basis functions (shells)

CO~NOOOHEWNH

WONOOTA WN -

typedef
int
int
int
int

n I _m _—ajr—A?
XA(’):E ci Ni xhyazi e I

i

struct {

L;

cart_size;
*cart_list;
num_primitives;

double *coeffs;

double #*alpha;

double origin[3];
} libgrecp_shell_t;

libgrecp_shell_t *libgrecp_new_shell(
double *origin, int L,

int

)3

num_primitives, double *coeffs, double *alpha

void libgrecp_delete_shell(libgrecp_shell_t #*shell);



The libgrecp library

Radially local integrals (xa|U(r)|xs)

C:

void libgrecp_typel_integrals(
libgrecp_shell_t *shell_A, libgrecp_shell_t *shell_B,
double *ecp_origin, libgrecp_ecp_t *ecp,
double *matrix

b WN =

)

Example: integrals for the pair of d- and f-shells:

Foox fxxy fxxz f;<yy f;(yz f;<zz f:vyy f;/yz f:yzz frzz

o




The libgrecp library

Radially local integrals (xa|U(r)|xs)

Fortran 90:
1| subroutine libgrecp_typel_integrals_shells(
2 origin_A, L_A, num_primitives_A, coeffs_A, alpha_A,
3 origin_B, L_B, num_primitives_B, coeffs_B, alpha_B,
4 ecp_origin, ecp_nprim, ecp_pow, ecp_coef, ecp_alpha,
5 matrix
6 )
7
8
9 integer (4) L_A, num_primitives_A
10 real(8) :: origin_A(*), coeffs_A(x), alpha_A (%)
11
12
13| integer (4) L_B, num_primitives_B
14 real(8) origin_B(x), coeffs_B(x), alpha_B(*)
15
16
17 integer (4) :: ecp_nprim, ecp_pow (*)
18 real(8) :: ecp_origin(*), ecp_coef (*), ecp_alpha (*)
19
20

21 real(8) 11 matrix (%)

IS S



The libgrecp library

Semilocal integrals (xa|U(r)Pi|x&)

C:

1 void libgrecp_type2_integrals(
2 libgrecp_shell_t *shell_A, libgrecp_shell_t *shell_B,
3 double *ecp_origin, libgrecp_ecp_t *ecp,
4 double *matrix
50);

Fortran 90:
1 subroutine libgrecp_type2_integrals_shells( &
2 origin_A, L_A, num_primitives_A, coeffs_A, alpha A, &
3 origin_B, L_B, num_primitives_B, coeffs_ B, alpha_ B, &
4 ecp_origin, ecp_L, ecp_num_primitives, &
5 ecp_powers, ecp_coeffs, ecp_alpha, &
6 matrix &
7))



The libgrecp library

Semilocal effective spin-orbit operator: (xa|U°°(r)P€ Pi|x5)

C:

1 void libgrecp_spin_orbit_integrals(
2 libgrecp_shell_t *shell_A, libgrecp_shell_t #*shell_ B,
3 double *ecp_origin, libgrecp_ecp_t *ecp,
4 double *so_x_matrix, double *so_y_matrix, double *so_z_matrix
5);

Fortran 90:
1 subroutine libgrecp_spin_orbit_integrals_shells( &
2 origin_A, L_A, num_primitives_A, coeffs_A, alpha_A, &
3 origin_B, L_B, num_primitives_B, coeffs_B, alpha B, &
4 ecp_origin, ecp_ang_momentum, ecp_num_primitives, &
5 ecp_powers, ecp_coeffs, ecp_alpha, &
6 so_x_matrix, so_y_matrix, so_z_matrix &
7))



The libgrecp library
Integrals with projectors onto outercore shells (GRECP-specific):
(xal U255 Pilxe) w (xal U337 P Pilxe)

C:

void libgrecp_outercore_potential_integrals(
libgrecp_shell_t *shell_A, libgrecp_shell_t *shell_B,
double *ecp_origin, int num_oc_shells,
libgrecp_ecp_t **oc_potentials, libgrecp_shell_t **oc_shells,
double *arep, double #*so_x, double *so_y, double *so_z

A WNE

)

Fortran 90:

subroutine libgrecp_outercore_potential_integrals_shells(
origin_A, L_A, num_primitives_A, coeffs_A, alpha A,
origin_B, L_B, num_primitives_B, coeffs_B, alpha_B,
ecp_origin, num_oc_shells, oc_shells_L, oc_shells_J,
ecp_num_primitives, ecp_powers, ecp_coeffs, ecp_alpha,
oc_shells_num_primitives, oc_shells_coeffs, oc_shells_alpha,
arep_matrix, so_x_matrix, so_y_matrix, so_z_matrix

ONOUTHAWNR

PR



Future plans

» further testing
» interface to the DIRAC program package

— actinide compounds
— cluster modelling
— transactinide atoms: E121, E122, E123

» optimizations:

— screening of radial integrals
— other radial quadratures

» Python interface

» after the first publication the source code will be available on GitHub



thanks to

N. S. Mosyagin and A. V. Titov



